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ABSTRACT
We compute four-point functions of two heavy and two “perturbatively heavy” operators
in the semiclassical limit of Liouville theory on the sphere. We obtain these “Heavy-
Heavy-Light-Light” (HHLL) correlators to leading order in the conformal weights of the
light insertions in two ways: (a) via a path integral approach, combining different methods
to evaluate correlation functions from complex solutions for the Liouville field, and (b)
via the conformal block expansion. This latter approach identifies an integral over the
continuum of normalizable states and a sum over an infinite tower of lighter discrete states,
whose contribution we extract by analytically continuing standard results to our HHLL
setting. The sum over this tower reproduces the sum over those complex saddlepoints of
the path integral that contribute to the correlator. Our path integral computations reveal
that when the two light operators are inserted at equal time in radial quantization, the
leading-order HHLL correlator is independent of their separation, and more generally that
at this order there is no short-distance singularity as the two light operators approach each
other. The conformal block expansion likewise shows that in the discrete sum short-distance
singularities are indeed absent for all intermediate states that contribute. In particular, the
Virasoro vacuum block, which would have been singular at short distances, is not exchanged.
The separation-independence of equal-time correlators is due to cancelations between the
discrete contributions. These features lead to a Lorentzian singularity that, in conformal
theories with anti-de Sitter (AdS) duals, would be associated to locality below the AdS
scale.
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1 Introduction
There has been significant recent interest in two-dimensional conformal field theories (CFTs)
at large central charge. Via holography, these theories encode fundamental aspects of black
hole physics, gravitational dynamics and the relation between geometry and entanglement.
Much of the focus has been on the study of correlation functions via an expansion in con-
formal blocks. For 2d CFTs with a well-defined semiclassical limit and a sparse spectrum of
low-dimension operators, semiclassical Virasoro conformal blocks have been used to study
aspects of black hole thermodynamics [1,2], holographic entanglement entropy [3–5] and the
information paradox [6, 7]. Progress in understanding the structure of the block decompo-
sition of 2d correlators at large c was also achieved in the context of the D1-D5 system [8].
Beyond the framework of holography, these techniques have been used to characterize 2d
1
CFTs exhibiting scrambling of information [9, 10] and chaotic dynamics [11–13], and to
chart the space of 2d CFTs with conformal bootstrap techniques [14,15].
An important technical ingredient in these works is that, under suitable assumptions
about the CFT data, it is possible at large central charge to approximate certain correlators
by leading contributions in their conformal block expansion. Since contributions of indi-
vidual Virasoro blocks are generically multi-valued, this raises the question of how exactly
this multi-valuedness recombines into a single-valued correlator. We address this question
explicitly in Liouville theory, a CFT which has a well-defined semiclassical limit and whose
spectrum and OPE coefficients are explicitly known, allowing us to compute correlators via
path integrals as well as via conformal block expansions.
Specifically, in the semiclassical limit, we compute four-point functions in Liouville
theory on the sphere of two heavy and two “perturbatively heavy” operators. All four
operators have conformal dimensions scaling as the central charge, with the prefactor being
perturbatively small for the “perturbatively heavy” operators. Following terminology from
holographic CFTs, we will refer to the latter operators as “light”, even though in Liouville
theory the terminology “light” has traditionally been reserved for operators with fixed
conformal dimension in the semiclassical limit. So we refer to the correlation functions of
interest as Heavy-Heavy-Light-Light (HHLL) correlators.
In the path integral approach to semiclassical Liouville field theory, correlation func-
tions involving heavy (and perturbatively heavy) operators are obtained in a saddlepoint
approximation starting from solutions of the Liouville equation with δ-function sources at
the locations of the heavy insertions. Correlators of heavy and perturbatively heavy oper-
ators were considered on the sphere [16], on the pseudosphere [17,18] and in the conformal
boundary case [19] in instances in which the path integral is dominated by a unique real
saddlepoint. However, as we will review, no real saddlepoint exists for HHLL correlators
in Liouville theory on the sphere, and these four-point functions have not been computed
before. The progress reported here has been possible thanks to the modern interpretation
of complex saddles of [20]. We will work to leading order in the semiclassical limit and
in a linearized approximation in the conformal weight of the light operators, and do not
attempt to compute perturbative corrections in powers of the Liouville coupling constant
b.
We use a constructive approach that combines three different methods. First, after
setting the scene in Sec. 2, in Sec. 3 we superpose complex Liouville field saddlepoints for
three-point functions [20] to compute the four-point function. This approach has a limited
regime of validity, as it only holds for specific values of the cross ratio of the four insertion
points. There is a countable infinity of complex saddles; the corresponding on-shell actions
have constant imaginary part and differ from one another by multiples of 2pii.
Second, in Sec. 4 we use the monodromy method to solve for the functional dependence
of the saddles in the whole complex plane. Previous work considered the regime in which
a unique real and single-valued saddle was guaranteed to exist, see e.g. [16, 21, 22]. This
corresponds to a situation in which the sum of conformal weights is above a certain thresh-
old, in which case one has to impose SU(1,1) monodromy. For our HHLL correlator there
is no real saddle. However, the results of Sec. 3 lead us to recast the computation of the
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complex saddles into an SU(2) monodromy problem for the real part of the Liouville field.
We are then able to compute the full functional dependence of the action for saddlepoint
contributions and find a universal dependence on the insertion points. This implies that
the sum over all contributing saddles, which we will determine by other methods, will share
this same dependence on the insertion points.
Third, in Sec. 5 we calculate the four-point function via a decomposition into conformal
blocks. This procedure is subtle in Liouville theory, which has a continuum of normalizable
states. Analytic continuation of classic results to our HHLL setting reveals the additional
contribution of an infinite tower of discrete, non-normalizable intermediate states. The
corresponding tower of conformal weights starts at twice the weight of the light operators in
the correlator. Higher weights in the tower are shifted by non-negative integersm. Summing
over these discrete intermediate states leads to a single-valued result, which reproduces
by itself the outcome of the path integral calculation of Sec. 3 and 4. Moreover, this
computation also determines the set of saddlepoints that contribute to the correlator. In this
way, comparison between the path integral approach and the block decomposition reveals
that, in HHLL Liouville correlators, single-valuedness is recovered from recombination of
discrete exchanges alone.
In the standard approach for computing correlation functions of heavy operators and
operators that are light in the Liouville sense (as opposed to perturbatively heavy, as
discussed above) one treats light operators as probes in the background produced by the
heavy insertions, and integrates over the moduli of this field configuration. As we discuss
in Sec. 6, one could expect this approach extends to perturbatively heavy insertions at
the linearized level. This is not a priori obvious, as for HHLL insertions there is a complex
modulus one needs to integrate over. We do not perform here a full analysis, but notice that
assuming specific saddles dominate the integration over the modulus, one in fact reproduces
the result obtained via the previous methods.
The relation between Liouville field theory and pure 3d gravity in anti-de Sitter space
has been long debated, see for instance [23] and references therein. Important points in
this discussion include the non-normalizability of the Liouville vacuum and the fact that
the spectrum of normalizable states has a gap, and thus does not by itself lead to the
expected asymptotic growth of states. Despite these puzzles, as we discuss in Sec. 6,
we find that the structure of the HHLL correlator that we study displays similarities to
holographic CFTs. This can be traced back to the fact that the block decomposition
contains discrete contributions, which resum into a single-valued result with no need to
take into account the contribution of the continuum part of the spectrum. One similarity
is that the resummation we find is that of “double-trace” exchanges, which also occurs in
holographic CFTs. A particularly intriguing feature is that our HHLL Liouville correlator
also exhibits a Lorentzian singularity that, in conformal theories with AdS duals, would be
associated to locality below the AdS scale [24, 25].
We finish the paper with remarks on the fact that certain HHLL correlators in holo-
graphic CFTs compute the single interval entanglement entropy in excited states [4]. We
comment on the possibility of interpreting our result from this perspective.
3
2 Semiclassical correlators in Liouville theory
In this section we introduce and review the minimal set of information needed for our
analysis and computations. We focus on those general aspects that are important for
computing correlators of heavy and perturbatively heavy operators in the semiclassical
limit via a path integral approach. This will be relevant for Secs. 3 and 4. We postpone
the discussion of the conformal block decomposition and of the well-known DOZZ three-
point function coefficients to Sec. 5. Comprehensive reviews of Liouville theory and of its
applications include for instance [26–28].
2.1 Action, Liouville equation and correlators in the semiclassical limit
Liouville theory defines a conformal algebra with central charge
c = 1 + 6Q2 = 1 + 6
(
b+
1
b
)2
. (2.1)
The CFT data of this 2d conformal field theory are known explicitly. Primary operators
are exponentials
Vα = e
2αφ , (2.2)
where φ is the Liouville field and α is known as the Liouville momentum. These operators
have conformal weights
hα = h¯α = α(Q− α) . (2.3)
Vertex operators with momenta α and Q−α have equal weights and they are interpreted to
correspond to the same quantum operator up to a rescaling [27]. The three-point function
coefficients are also known and given by the famous DOZZ formula [21, 29], which we will
give explicitly in Sec. 5.
The field theory is governed by the Liouville action
S =
1
4pi
∫
d2x
√
gˆ
[
gˆab∂aφ ∂bφ+QRˆφ+ 4piµe
2bφ
]
(2.4)
with µ > 0. On the two-sphere, it is customary to take gˆab to be the flat metric dsˆ
2 = dzdz¯
with the asymptotic condition1
φ(z, z¯) = −2Q log |z|+O(1) , |z| → ∞. (2.5)
The semiclassical limit corresponds to sending b → 0. This is more conveniently studied
using the rescaled classical field φc ≡ 2bφ. The action expressed in terms of φc scales like
b−2 and the Liouville equation descending from its variation reads
∂z∂z¯φc = 2λ e
φc , (2.6)
1This allows for a smooth “physical metric” gab = e
2
Qφgˆab on the two-sphere (see e.g. [20] for a more
detailed discussion).
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where
λ ≡ piµb2 (2.7)
is held fixed in the limit b→ 0. The asymptotic condition (2.5) becomes
φc(z, z¯) = −4 log |z|+O(1) , |z| → ∞ . (2.8)
When considering correlation functions of primary fields
〈Vα1(z1, z¯1)Vα2(z2, z¯2)Vα3(z3, z¯3) . . . 〉 =
∫
D[φc]e−S[φc]
∏
i
e
αi
b
φc(zi,z¯i) (2.9)
in the semiclassical limit there are two main classes of operators that can be identified
depending on the scaling of αi with b: “heavy” operators, with momentum α = η/b and η
held fixed as b → 0, and “light” operators with α = b σ and σ fixed as b → 0. The first
scale as the action itself and therefore have a non-trivial effect in determining the classical
solutions, while the latter do not affect the saddlepoints. In terms of conformal weights, a
heavy insertion has
hα = h¯α =
η(1− η)
b2
+O(1) . (2.10)
The effect of heavy insertions is to modify the classical Liouville equation (2.6) by δ-function
terms:
∂z∂z¯φc = 2λ e
φc − 2pi
∑
i
ηiδ
(2)(z − zi) . (2.11)
In view of the equivalence between momenta explained just below (2.3), we can assume
that these heavy operators satisfy Re(ηi) < 1/2, which is known as the Seiberg bound [27].
In a neighbourhood of each insertion we then have the behaviour
φc(z, z¯) = −4ηi log |z − zi|+O(1) , |z − zi| → 0 . (2.12)
In fact, divergences in the evaluation of the path integral are introduced both by taking the
flat reference metric gˆab (see (2.8)), and by inserting heavy operators (see (2.12)). They can
be systematically regularized, giving rise to a modified action S˜ that takes into account the
presence of the heavy insertions [21] (see also [20,26]). Without entering into the details of
this procedure, which will not be needed here, the expectation value of a correlator of the
form (2.9), involving heavy and light insertions (in the standard Liouville sense), can then
be approximated as
〈V η1
b
(z1, z¯1) . . . V ηj
b
(zj, z¯j)Vbσ1(w1, w¯1) . . . Vbσn(wn, w¯n)〉 ≈ e−
S˜[φc]
b2
n∏
k=1
eσkφc(wk,w¯k) . (2.13)
In writing the expression on the right hand side, we have explicitly isolated and extracted
the scaling factor b−2 ≈ c/6 from the renormalized semiclassical action S˜[φc]. The latter is
evaluated on a solution to the equation of motion (2.11). In general there will be several
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contributing saddles, and in such a case the right hand side (2.13) is understood to involve
a sum over them.
We will actually not need the explicit functional form of the action S˜ in order to evaluate
it on a solution of the Liouville equation (2.11) with boundary condition (2.8). In fact, given
a classical solution, the on-shell action can be obtained from known relations between the
behavior of the Liouville field φc near the heavy insertion points and derivatives of S˜. The
semiclassical solution has the asymptotics
φc(z, z¯) ≈ −4ηi log |z − zi|+ σi − ci
ηi
(z − zi)− c¯i
ηi
(z¯ − z¯i) + . . . , |z − zi| → 0 (2.14)
near any heavy insertion at (zi, z¯i), with the leading logarithm corresponding to the singu-
larity required by the heavy operator, as in (2.12).
The first differential relation we will use, relates the constant term in (2.14) to the
derivative of the action with respect to the momenta of the heavy insertions [21]
∂S˜
∂ηi
= −σi . (2.15)
This can be integrated to obtain the correlator with heavy insertions up to a ηi-independent
integration constant. Notice that if there are multiple insertions with the same ηi, on the
right hand side one has to sum over the corresponding σi.
A similar differential condition, known as the Polyakov relation, involves the coefficient
of the linear term in the expansion
∂S˜
∂zi
= ci , (2.16)
and similarly for z¯i and c¯i, which is the conjugate of ci. The parameters ci are known as
accessory parameters and are non-holomorphic functions, as we will review in Sec. 4.
2.2 Complex solutions for two and three heavy insertions
As we will discuss in Sec. 4, for real ηi < 1/2 and λ > 0, a unique real, single-valued solution
to the Liouville equation (2.11) exists if and only if
∑
i ηi > 1. Conversely, if
∑
i ηi < 1, a
unique real and single valued solution would exist only for λ < 0 (see for instance [26]).
More generally, we will be interested in solutions that do not satisfy the above constraints
on the sum of the ηi. We will therefore drop the reality condition and allow for complex
solutions. This approach was first explored in [20], where general complex solutions of the
Liouville equation for two and three heavy insertions (HH and HHH respectively) were
found using a standard procedure, which we will also discuss and apply in Sec. 4.
Before reviewing the results of [20] for HH and HHH correlators, there are two spe-
cific aspects that are important for our analysis. First, notice that the classical Liouville
equation is invariant under the shift φc → φc + 2piiN , with N an integer. The multiple
complex solutions found in [20] are indeed related to one another by this kind of shift.
Second, known results on two and three-point functions for real ηi are recovered and can
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be reinterpreted in terms of sums over semiclassical complex solutions of this type [20].
For two heavy insertions with equal conformal weights, the general complex semiclassical
solution for the Liouville field reads [20]
eφc(z,z¯) =
1
λ
[
κ|z − z1|2η|z − z2|2−2η − 1
κ(1− 2η)2|z12|2 |z − z1|
2−2η|z − z2|2η
]−2
. (2.17)
Here κ is a complex number, constrained by requiring the absence of additional singularities
other than (2.8) and (2.12). For η real, κ takes values in the upper half-plane with the real
axis removed. Moreover, as mentioned above, although this gives the general form of eφc ,
when evaluating φc itself there is the extra freedom of choosing the branch of the logarithm.
The corresponding on-shell action is independent of κ, as one can check explicitly from
the constant terms σi in the field expansions around the insertions points:
σ1 = 2pii
(
N +
1
2
)
− log λ− 2 log(−iκ) + (4η − 4) log |z12| , (2.18)
σ2 = 2pii
(
N +
1
2
)
− log λ+ 2 log(−iκ) + 4η log |z12|+ 4 log(1− 2η) , (2.19)
where the integer N corresponds to the choice of branch in the logarithm. Then, according
to (2.15),
∂S˜
∂η
= −σ1 − σ2 (2.20)
and it is immediate to check that the dependence on κ simply cancels out. The differential
equation (2.20) determines the on-shell action, and thus the two-point function up to con-
stant terms in η. In [20] these were fixed by requiring consistency with the limiting case
η = 0. The form of the action obtained in this way is
S˜N =− (1− 2η) log λ+ 2pii
(
N +
1
2
)
(1− 2η) + 2(1− 2η) [log(1− 2η)− 1]
+ 4η(1− η) log |z12| . (2.21)
We will use this result in Sec. 3 to fix an undetermined constant when evaluating the HHLL
correlator. The action (2.21) corresponds to a single saddle out of a family of solutions
parametrized by κ and integers N . Summing over a particular infinite set of such saddles
and interpreting the divergent integral over the modulus κ appropriately, one reproduces
the two-point function 〈Vη/b(z1, z¯1)Vη/b(z2, z¯2)〉 obtained from analytic continuation of the
DOZZ formula [20].
The general complex semiclassical solution for the Liouville field in the presence of three
heavy insertions is the analytic continuation in ηi of the real solution of [21], and was worked
out in [20]. It reads
eφc(z,z¯) =
1
λ
|z − z2|−4
[a1P η1(w)P η1(w¯)− a2P 1−η1(w)P 1−η1(w¯)]2
, (2.22)
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where the functions P η are Riemann functions
P η1(w) = wη1(1− w)η3 2F1 [η1 + η3 − η2, η1 + η2 + η3 − 1, 2η1, w] , (2.23)
P 1−η1(w) = w1−η1(1− w)1−η3 2F1 [1− η1 + η2 − η3, 2− η1 − η2 − η3, 2− 2η1, w] . (2.24)
The parameters a1 and a2 are determined, up to an irrelevant choice of sign, through the
conditions
a1a2 =
|z13|2
|z12|2 |z23|2 (1− 2η1)2
, (2.25)
a21 =
|z13|2
|z12|2 |z23|2
γ(η1 + η2 − η3)γ(η1 + η3 − η2)γ(η1 + η2 + η3 − 1)
γ(η2 + η3 − η1)γ(2η1)2 , (2.26)
and we have defined the combinations
γ(w) ≡ Γ(w)
Γ(1− w) , w ≡
(z − z1)z23
(z − z2)z13 . (2.27)
As discussed in [20], depending on the values of ηi, there are various subtleties in requiring
that the solution has no additional singularities other than those corresponding to the heavy
insertions. The range of parameters we will consider is that of real ηi. From (2.25) and
(2.26) it follows that a1 and a2 are purely imaginary and therefore no cancellations occur in
the expression in the denominator of (2.22).2 As in the case of the two-point function, [20]
showed how the general complex saddles reproduce results obtained directly from the DOZZ
formula, extending the analysis of [21].
The Liouville solution in the case of four heavy insertions and the corresponding semi-
classical correlator are not known explicitly. Here we are not able to compute such a
correlator in full generality. But as in the case of semiclassical conformal Virasoro blocks
[1–3, 30, 31], progress can be made in the limit where some of the heavy operators have a
perturbatively small coefficient η.
We consider a four-point function of heavy operators with α1 = α2 = αH ≡ ηH/b and
α3 = α4 = αL ≡ ηL/b with ηL  1. The notation ηH and ηL is to distinguish between
insertions with ηH ∼ O(1), which we refer to as heavy, and perturbatively heavy insertions
with ηL  1, which with a slight abuse of terminology we refer to as light. Light operators
in the standard Liouville sense will not appear in the following sections. This choice of
momenta corresponds to the Heavy-Heavy-Light-Light correlator
〈V ηH
b
(z1, z¯1)V ηH
b
(z2, z¯2)V ηL
b
(z3, z¯3)V ηL
b
(z4, z¯4)〉 . (2.28)
This is a four-point function of primaries with conformal weights that scale as
hH
c
∼ ηH(1− ηH), hL
c
∼ ηL  1 (2.29)
in terms of the central charge c ≈ 6/b2 →∞.
2This is also the case when momenta ηi have a small imaginary part. The region of parameters we will
be considering in the next sections corresponds to what is indicated as Region II in [20].
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3 Superposition of linearized three-point functions
In this section we compute the on-shell action perturbatively in an expansion in ηL  1
using the relation (2.15). To do this, we need to work out the expansion of the semiclassical
Liouville field for HHLL insertions and read out the constant terms σi in the z → zi limit.
The basic idea is that, when working at linear order in ηL and knowing the full solution
(2.22) for two heavy and one light (perturbatively heavy) insertions, one can linearly su-
perpose the effect of the two light insertions. At zeroth order in ηL, the light operators can
be neglected completely and the solution for the Liouville field coincides with the two-point
solution (2.17) for two heavy operators at z1 and z2. At first order, the two light operators
act as perturbatively small sources that modify the stress tensor and therefore the solution
of the Liouville field. At this order, one can superpose the effects of the insertions at z3
and z4, just as in electrodynamics. That is, we can consider the three-point solution φ
(123)
c
with insertions at z1, z2 and z3, linearized in the Liouville momentum of a perturbatively
light insertion at z3
φ(123)c ≈ φ(12)c + ηLϕ(3)c +O(η2L) . (3.1)
The zeroth order contribution is simply the solution for two heavy insertions φ
(12)
c , while
the linear contribution ϕ
(3)
c accounts for the presence of the third operator. Similarly, the
solution φ
(124)
c with insertions at z1, z2 and z4 will provide a linear contribution describing
the effect of the operator at z4. Up to linear order, the Liouville field is then given by
φc ≈ φ(12)c + ηLϕ(3)c + ηLϕ(4)c +O(η2L) . (3.2)
Above, we glossed over an important subtlety. When we obtain a two-point solution
φ
(12)
c as the zeroth order in the ηL expansion of the three-point solution, the result depends
on the location of the third insertion. This will restrict the applicability of our method to
cases where the two light insertions are on the same “circle of Apollonius,” as we will now
explain. Consider the solution for three heavy insertions given by (2.22)-(2.26) in Sec. 2.
When the insertions at z1 and z2 have the same weight with η1 = η2 = ηH and we set to
zero the weight η3 = ηL of the third insertion at z3, we have
eφ
(123)
c =
1
λ
[
i|z − z1|2ηH |z − z2|2−2ηH |z23|2ηH−1
(1− 2ηH)|z12||z13|2ηH−1 −
|z − z1|2−2ηH |z − z2|2ηH |z13|2ηH−1
i(1− 2ηH)|z12||z23|2ηH−1
]−2
.
(3.3)
Comparing with the general complex two-point solution (2.17)
eφ
(12)
c =
1
λ
[
κ |z − z1|2ηH |z − z2|2−2ηH − 1
κ(1− 2ηH)2|z12|2 |z − z1|
2−2ηH |z − z2|2ηH
]−2
(3.4)
we see that we must take
κ =
i
(1− 2ηH) |z12|
( |z13|
|z23|
)1−2ηH
. (3.5)
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That is, analytically continuing in the weight of the light insertion at z3 selects a specific κ
in the two-point solution, which depends non-trivially on the light insertion point.
Similarly, we could have started with the three-point solution φ
(124)
c , which amounts
to replacing z3 → z4. Clearly we can only do perturbation theory in ηL if the zeroth
order solution of φ
(123)
c agrees with the zeroth order solution of φ
(124)
c . Therefore, we get a
non-trivial condition for the validity of the linearized construction,
|z14|
|z24| =
|z13|
|z23| . (3.6)
This is precisely the condition that z3 and z4 lie on a “circle of Apollonius”.
3 While this
is an important restriction, it does capture an interesting special case: if one inserts the
heavy operators at zero and infinity in order to create initial and final states in radial
quantization, then circles of Apollonius are equal-time circles around the origin. So our
method will allow us to compute correlators with light operators inserted at equal times. It
will also be instrumental for carrying out the computation in Sec. 4, where this restriction
will be removed.
3.1 Computation of the on-shell action with equal-time light insertions
When expanding the Liouville HHLL solution around the light insertions to use the relation
(2.15), here
dS˜
dηL
= −σ3 − σ4 (3.7)
the integration is in ηL. Therefore the first order action is obtained directly from the
constant term at zeroth order of the Liouville field, which comes entirely from the two-
point solution above. The relevant asymptotic expansions at zeroth order in ηL near the
light insertions are
φc,N(z → z3) = − log λ+ 2pii
(
N +
1
2
)
+ 2 log(1− 2ηH)− 2 log 2− 2 log |z13| |z23||z12| +
+
(
1
z13
+
1
z23
)
(z − z3) + . . . (3.8)
φc,N(z → z4) = − log λ+ 2pii
(
N +
1
2
)
+ 2 log(1− 2ηH)− 2 log 2− 2 log |z14| |z24||z12| +
+
(
1
z14
+
1
z24
)
(z − z4) + . . . . (3.9)
The integer N arises from taking the logarithm of (3.3), as in Sec. 2. It effectively labels
a countably infinite number of complex saddles φc,N for the four-point function, which are
related one to the other by 2pii shifts.
3This is an ancient criterion for defining points on a circle named after Apollonius of Perga (262 BC-190
BC), a Greek geometer and astronomer. He is most famous for his work on conic sections and named the
hyperbola, ellipse and parabola [32].
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From (3.7) we find
S˜N = S˜
(0)
N + 2ηL log λ− 4pii
(
N +
1
2
)
ηL − 4ηL log(1− 2ηH) + 4ηL log 2
+ 2ηL log
( |z13||z14||z23||z24|
|z12|2
)
+ . . . (3.10)
where we denoted the ηL-independent part as S˜
(0)
N . The latter is just determined from the
two-point solution for heavy insertions and was given in (2.21)
S˜
(0)
N =− (1− 2ηH) log λ+ 2pii
(
N +
1
2
)
(1− 2ηH) + 2(1− 2ηH) [log(1− 2ηH)− 1]
+ 4ηH(1− ηH) log |z12| . (3.11)
Altogether we arrive at the final expression
S˜N = −(1− 2ηH − 2ηL) log λ+ 2pii
(
N +
1
2
)
(1− 2ηH − 2ηL)− 2(1− 2ηH)
+ 2(1− 2ηH − 2ηL) log(1− 2ηH) + 4ηL log 2 + 4ηH(1− ηH) log |z12|
+ 2ηL log
( |z13||z14||z23||z24|
|z12|2
)
+ . . . (3.12)
where we recall that this result only holds for insertions satisfying the “circle of Apollonius”
relation (3.6). This is the main result of this section, which shows that the saddles are
generically complex and related to one another by shifts proportional to 2pii. It also shows
that in radial quantization for light insertions at equal time, there is no dependence on the
angular separation. Below we collect some results useful for checking the consistency of our
solution.
3.2 Consistency checks
An alternative to the approach above would have been to use (2.15) with an expansion
around the heavy insertions
dS˜
dηH
= −σ1 − σ2 . (3.13)
This requires knowledge of the Liouville field up to first order in ηL. The HHL solution
reads
eφ
(123)
c =
1
λ
|z − z2|−4
[a1P ηH (w)P ηH (w¯)− a2P 1−ηH (w)P 1−ηH (w¯)]2
(3.14)
with
w =
z23(z − z1)
z13(z − z2) (3.15)
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and to linear order in ηL
4
a1 ≈ ±i |z13||z12| |z23| (1− 2ηH)
(
1 +
ηL
1− 2ηH
)
(3.16)
a2 ≈ ∓i |z13||z12| |z23| (1− 2ηH)
(
1− ηL
1− 2ηH
)
. (3.17)
In the proximity of the heavy insertion at z1 (w → 0), the Riemann P η-function is
P ηH (w) ≈ wηH
(
1− w
2ηH
ηL
)
. (3.18)
These give
φ
(123)
c,N (z → z1) = −4ηH log |z − z1| − log λ+ 2pii
(
N +
1
2
)
+ 2 log(1− 2ηH) (3.19)
+ 2(1− 2ηH) log |z23||z13||z12| −
2
(1− 2ηH)ηL −
2(1− ηH)
z12
(z − z1) + ηL
ηH
z23
z12z13
(z − z1) + . . .
and an analogous expression for φ
(124)
c,N (z → z1). Therefore
φc,N(z → z1) =− 4ηH log |z − z1| − log λ+ 2pii
(
N +
1
2
)
+ 2 log(1− 2ηH)
+ (1− 2ηH) log |z23||z24||z12|2|z13||z14| −
4
(1− 2ηH)ηL −
2(1− ηH)
z12
(z − z1)
+
ηL
ηH
1
z12
(
z23
z13
+
z24
z14
)
(z − z1) + . . . (3.20)
Recall that the only contributions from φ
(123)
c,N and φ
(124)
c,N that are effectively summed over
for computing φc,N are those linear in ηL. Also notice that in the second line we have
just rewritten in a symmetric fashion the term 2(1 − 2ηH) log(|z23|/|z13||z12|) = 2(1 −
2ηH) log(|z24|/|z14||z12|) (where the equality follows from the circle of Apollonius condition).
One gets the asymptotic expansion around the heavy insertion at z2 by replacing z2 → z1
in (3.20). Using this expression we can derive the on-shell action up to ηH-independent
terms through (3.13). It is easy to check that this is consistent with (3.12).
In the next section we will work out the functional dependence of the accessory param-
eters appearing in (2.14) and in the relation (2.16). At linear order in ηL, these can be read
4More precisely, to have a well defined perturbative expansion in ηL, in working at fixed ηH < 1/2 and
taking the small ηL limit we are additionally always assuming that ηL  1− 2ηH .
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out from (3.20) and (3.8)-(3.9). Here we quote the result for later reference and comparison
c1 =
2ηH(1− ηH)
z12
− ηL
z12
(
z23
z13
+
z24
z14
)
(3.21)
c2 =
2ηH(1− ηH)
z21
− ηL
z21
(
z13
z23
+
z14
z24
)
(3.22)
c3 = −ηL
(
1
z13
+
1
z23
)
(3.23)
c4 = −ηL
(
1
z14
+
1
z24
)
. (3.24)
4 Monodromy method
In this section we extend to the whole plane the saddles we have determined in Sec. 3
on the circle of Apollonius. We use a standard approach, which consists in translating
the problem of computing the semiclassical on-shell action with heavy insertions into a
monodromy problem for the solutions of two ordinary second order differential equations.
In the case λ > 0 and for four insertions satisfying
∑
i ηi > 1 with ηi real, the monodromy
method gives the unique real, single-valued solution to the Liouville equation, and thus
the unique real and single-valued saddlepoint. The range of conformal weights we are
considering instead satisfies
∑
i ηi < 1 with ηi real. In this case, a unique real, single-valued
solution would exist if and only if λ < 0. Indeed in the previous section we have found that
the solutions that can contribute to the saddle-point evaluation of the HHLL correlator are
single-valued but complex. In fact, on the circle of Apollonius the Liouville field φc,N has
constant imaginary part given by 2pii (N + 1/2), as was the case for the complex saddles
discussed by [20] in the same regime of conformal dimensions.
Notice however that the net effect of such constant imaginary part in the Liouville
equation with heavy insertions (2.11)
∂z∂z¯φc = 2λe
φc − 2pi
4∑
i=1
ηiδ
(2)(z − zi) (4.1)
is to simply flip the sign in front of the exponential term, or equivalently to replace λ →
λ˜ = −λ. This means that, under the assumption that the imaginary part is of the form
2pii (N + 1/2) in the full plane, we can effectively solve for the real part of this set of complex
solutions by using methods that are available in the literature for finding the unique real,
single-valued solution with λ˜ < 0.
Using this strategy, the solutions of the Liouville equation (2.11) for the real part of
the Liouville field with four heavy insertions satisfying
∑
i ηi < 1 can be obtained as (see
e.g. [26])
Reφc(z, z¯) = −2 log
(
ψ1(z)ψ˜1(z¯) + ψ2(z)ψ˜2(z¯)
)
− log λ (4.2)
13
where ψ1,2(z), ψ˜1,2(z¯) are independent solutions with unit Wronskian of the system of equa-
tions
ψ′′(z) + T (z)ψ(z) = 0 (4.3)
ψ˜′′(z¯) + T˜ (z¯)ψ˜(z¯) = 0 . (4.4)
Here T (z), T˜ (z¯) are meromorphic and anti-meromorphic functions related to the stress ten-
sor. They are determined by asking that the solutions have the right singular behaviour
(2.12) at the insertion points and satisfy the regularity condition (2.8) at infinity. More-
over, one requires the absence of further singularities, as these would not have a physical
interpretation.
For two and three heavy operators insertions, these requirements completely fix the
form of T (z), T˜ (z¯). For more than three heavy insertions the conditions above imply
T (z) =
∑
i
i
(z − zi)2 −
ci
z − zi (4.5)
with
i ≡ 6hi
c
= ηi(1− ηi) +O (1/c) , (4.6)
subject to the constraints∑
i
ci = 0 ,
∑
i
(cizi − i) = 0 ,
∑
i
(
ciz
2
i − 2izi
)
= 0 . (4.7)
Similar equations hold for T˜ (z¯). The ci are the accessory parameters we introduced in
Sec. 2 and are related via the Polyakov relation (2.16) to the derivative of the on-shell
action. They depend on the coordinates of the singular points, as well as on the parameters
ηi: ci = ci({zi, z¯i, ηi}). In particular the dependence is not holomorphic.
In the specific case of four heavy insertions, the constraints (4.7) fix all but one of the
accessory parameters. The explicit constraints in terms of c4 read
c1 = −z24z34c4 − 2[z13ηH(1− ηH)− z24ηL]
z12z13
(4.8)
c2 = −z14z34c4 − 2[z23ηH(1− ηH)− z14ηL]
z12z23
(4.9)
c3 = −z14z24c4 + 2ηL(z13 + z24)
z13z23
, (4.10)
and are indeed satisfied by the accessory parameters (3.21)-(3.24) we computed in the
previous section.
The general solutions of the differential problem (4.3)-(4.4) have SL(2,C) monodromy
matrices associated to closed paths, which depend on the free accessory parameter c4. For
real ηi with
∑
i ηi < 1 where we solve an auxiliary Liouville equation with λ˜ < 0, it is
possible to construct the unique real and single-valued solution to the Liouville equation
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through (4.2) by finding a basis of solutions {ψ1(z), ψ2(z)}, {ψ˜1(z¯), ψ˜2(z¯)} that has SU(2)
monodromy around all cycles. (The more familiar condition that applies in the case of∑
i ηi > 1 is instead that of SU(1, 1) monodromy.)
The plan of the computations presented in this section is as follows. The solutions
of the differential equations (4.3)-(4.4) up to linear order in ηL were worked out in [1],
which computed the semiclassical HHLL conformal blocks of perturbatively light exchanged
operators. We review them and their monodromy transformations below for canonical
insertions points, z1 = 1, z2 = ∞, z3 = 0, z4 = x. We then perform a change of basis such
that the monodromy matrices around all cycles are unitary. This fixes unambiguously the
accessory parameter cx = c4 at linear order in ηL, and thus also the functional dependence
of the complex saddles that can contribute to the four-point function through
∂S˜
∂x
= cx ,
∂S˜
∂x¯
= c¯x . (4.11)
4.1 Solutions and monodromy matrices
For canonical insertions points z1 = 1, z2 =∞, z3 = 0, z4 = x we have
T (z) =
H
(z − 1)2 + L
(
1
z2
+
1
(z − x)2 +
2
z(1− z)
)
− cx x(1− x)
z(z − x)(1− z) . (4.12)
We are not able to solve the second order differential equation for generic i, but [1] solved
it for 1 = 2 = H , 3 = 4 = L to all orders in H and to linear order in L. To this order
we have that L ≈ ηL, and a basis of solutions for (4.3) is given by [1]
ψ1(z) = (1− z) 1+α˜2 + ηL
[
(1− z) 1+α˜2
(
cx
ηL
(1− x) + 1
)
log z
z−x +
(x−2)z+x
z(z−x)
α˜
(4.13)
+(1− z) 1−α˜2
∫
dz
(1− z)α˜
(
cx(x−1)xz(x−z)
ηL
− x2(z + 1) + 2xz(z + 1)− 2z2
)
z2α˜(x− z)2
]
ψ2(z) = (1− z) 1−α˜2 − ηL
[
(1− z) 1−α˜2
(
cx
ηL
(1− x) + 1
)
log z
z−x +
(x−2)z+x
z(z−x)
α˜
(4.14)
+(1− z) 1+α˜2
∫
dz
(1− z)−α˜
(
cx(x−1)xz(x−z)
ηL
− x2(z + 1) + 2xz(z + 1)− 2z2
)
z2α˜(x− z)2
]
where
α˜ ≡ √1− 4H = 1− 2ηH +O (1/c) (4.15)
and ψ2(z)[α˜] = ψ1(z)[−α˜]. The integral above can also be performed explicitly in terms of
hypergeometric functions.
In order to fix the accessory parameter in terms of the monodromy properties, we first
need to know how this basis of solutions transforms. To fix the notation, taking z in a
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closed loop γ around a point zi, the solution will have monodromy Mγ(
ψ1(z)
ψ2(z)
)
→Mγ
(
ψ1(z)
ψ2(z)
)
, (4.16)
where the matrix Mγ ∈ SL(2,C). The details of the computation are reported in Ap-
pendix A, and here we just summarize the resulting monodromies working under the as-
sumption that α˜ ∈ R.
The transformations of the solutions upon taking them in a closed loop around z = 0
and around z = x can be immediately evaluated by noticing that the only non-trivial
monodromies are those given by the log and the integrals appearing in (4.13) and (4.14),
which, as in [1], can be evaluated from the residues. The monodromy transformations at
linear order in ηL are given by
Mγ0 = 1+
2pii
α˜
(
cx(1− x) + ηL −cx(1− x)− ηL(1− α˜)
cx(1− x) + ηL(1 + α˜) −cx(1− x)− ηL
)
(4.17)
Mγx = 1+
2pii
α˜
( −cx(1− x)− ηL (1− x)α˜ (cx(1− x) + ηL(1 + α˜))
(1− x)−α˜ (−cx(1− x)− ηL(1− α˜)) cx(1− x) + ηL
)
.
(4.18)
The monodromy around z = 1 requires a little more work and can be computed by per-
forming the integrals in (4.13) and (4.14) and expressing them in terms of appropriate
combinations of hypergeometric functions (see Appendix A). The resulting expression at
linear order in ηL is
Mγ1 = −
(
eα˜pii 0
0 e−α˜pii
)
(4.19)
+
2pii
α˜
(
0 eα˜pii
[− (cx(1− x) + ηL) (1− (1− x)α˜)+ ηLα˜]
e−α˜pii
[
(cx(1− x) + ηL)
(
1− (1− x)−α˜)+ ηLα˜] 0
)
.
4.2 Accessory parameter for SU(2) monodromy
The unique real and single-valued solution to the Liouville equation with λ˜ < 0 is not
directly associated to ψ1 and ψ2 above, but to a basis of solutions to (4.3) with SU(2)
monodromy about every insertion. We therefore consider a change of basis
B ∈ SL(2,C) such that Nγ ≡ BMγB−1 ∈ SU(2) ∀γ (4.20)
for an appropriate choice of the accessory parameter. While working in the linearized
approximation, a convenient way of imposing (4.20) is just to rewrite the unitarity condition
on Nγ as
J˜Mγ = (M
−1
γ )
†J˜ (4.21)
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with
J˜ =
(
a b
b¯ d
)
≡ B†B , (4.22)
which implies a, d ∈ R and det J˜ = 1.
Working perturbatively in ηL up to linear order, we split Mγ = M
(0)
γ + ηLδMγ and
similarly for B and J˜ , and solve at each order for J˜ . At zeroth order we have the trivial
monodromies
M
(0)
γ0 = M
(0)
γx = 1, (4.23)
which make (4.21) trivially satisfied, while
M (0)γ1 =
(
e(1+α˜)pii 0
0 e(1−α˜)pii
)
(4.24)
imposes the zeroth order constraint b(0) = 0, and therefore a(0)d(0) = 1. That is,
J˜ (0) =
(
a(0) 0
0 1
a(0)
)
, (4.25)
with a(0) undetermined at this order.
At linear order in ηL equation (4.21) reads
J˜ (0)δMγ − δ(M−1γ )†J˜ (0) = M (0)γ δJ˜ − δJ˜M (0)γ , (4.26)
where we have used the fact thatM
(0)
γ = (M
(0)−1
γ )†. The linear parts in ηL of the monodromy
matrices are read from (4.17), (4.18) and (4.19). For the monodromy around 0 and x,
M
(0)
γ = 1 so that (4.21) further simplifies to
J˜ (0)δMγ = δ(M
−1
γ )
†J˜ (0) . (4.27)
Imposing these matrix equations, one gets the reality condition
cx(1− x) = c¯x(1− x¯) . (4.28)
Moreover, using the above constraint, the equations for the insertions at 0 and x imply also
(a(0))2 = −
cx
ηL
(1− x) + 1 + α˜
cx
ηL
(1− x) + 1− α˜ (4.29)
(a(0))2 = − 1|1− x|2α˜
cx
ηL
(1− x) + 1− α˜
cx
ηL
(1− x) + 1 + α˜ , (4.30)
which have solutions
cx
ηL
=
∓(1 + α˜)|1− x|α˜ − 1 + α˜
(1− x)(1± |1− x|α˜) (4.31)
(a(0))2 = ± 1|1− x|α˜ . (4.32)
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Remembering that a(0) must be real the upper sign in (4.32) is selected and this fixes
cx
ηL
=
−(1 + α˜)|1− x|α˜ − 1 + α˜
(1− x)(1 + |1− x|α˜) . (4.33)
This indeed coincides with the accessory parameter (3.24) which we worked out in the
previous section on the Apollonius circle for canonical insertion points, |1− x| = 1.
4.3 Functional dependence of the saddles
Having determined in (4.33) the accessory parameter associated to the insertion at x, one
can integrate its expression with respect to x and obtain the semiclassical action up to a
function of x¯,
S˜(x, x¯) = 4ηL log
(
1 + |1− x|α˜)+ ηL(1− α˜) log(x− 1) +K(x¯) . (4.34)
Repeating the analysis for the anti-meromorphic counterpart with T˜ (z¯), one similarly finds
S˜(x, x¯) = 4ηL log
(
1 + |1− x|α˜)+ ηL(1− α˜) log(x¯− 1) + K˜(x) . (4.35)
Matching the two we obtain the on-shell action up to constant terms,
S˜(x, x¯) = 4ηL log
(
1 + |1− x|1−2ηH)+ 4ηLηH log |1− x|+ const , (4.36)
where we substituted back α˜ = 1− 2ηH .
On the unit circle this reduces to (3.12), which fixes the constant term. We therefore
arrive at the explicit form of possible contributing saddlepoints:
S˜N(x, x¯) =− (1− 2ηH − 2ηL) log λ+ 2pii
(
N +
1
2
)
(1− 2ηH − 2ηL)− 2(1− 2ηH)
+ 2(1− 2ηH − 2ηL) log(1− 2ηH) + 4ηH(1− ηH) log |z∞|
+ 4ηL log
(
1 + |1− x|1−2ηH)+ 4ηLηH log |1− x|+ . . . (4.37)
where N is any integer. These are all complex saddles consistent with the assumption that
the imaginary part of the Liouville field is of the form 2pii (N + 1/2).
The computations we have performed so far have allowed us to fix the form of the
possible saddlepoint contributions, but do not directly determine which set of saddles should
actually be summed to compute the HHLL correlator. For this purpose, in the next section
we analyze the conformal block decomposition of the correlator.
5 Conformal block expansion
A standard way of decomposing a four-point function in a CFT is via a conformal block
expansion. In Liouville theory such a decomposition is subtle due to the continuous spec-
trum, and to the fact that some care is needed when defining normalizable states and a
complete set thereof. Concretely, a four-point function
G(x, x¯) ≡ lim
z∞→∞
|z∞|4h2〈Vα1(1)Vα2(z∞, z¯∞)Vα3(0)Vα4(x, x¯)〉 , (5.1)
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for real momenta αi less than Q/2 and such that α1 + α2 > Q/2 and α3 + α4 > Q/2, can
be expanded in conformal blocks as [21,27]
G(x, x¯) =
1
2
∫ ∞
−∞
dP
2pi
C
(
α1, α2,
Q
2
− iP
)
C
(
α3, α4,
Q
2
+ iP
)
F(hi, hP , x)F(hi, hP , x¯) ,
(5.2)
with F denoting the Virasoro conformal block, hi the conformal weights of the external
operators and hP = Q
2/4 + P 2 the weights of the primaries exchanged in the intermediate
channel. Q is related to the central charge via (2.1), but P is arbitrary. In this regime of
momenta, external operators define normalizable states. The expansion is given in terms
of intermediate normalizable states, which are heavy, since hP ≥ c/24 in the semiclassical
limit.
The functions C(α1, α2, α3) are the three-point function coefficients, which are given by
the DOZZ formula [21,29]:
C(α1, α2, α3) =
[
piµγ(b2)b2−2b
2
](Q−∑i αi)/b
(5.3)
× Υ0Υb(2α1)Υb(2α2)Υb(2α3)
Υb(α1 + α2 + α3 −Q)Υb(α1 + α2 − α3)Υb(α1 − α2 + α3)Υb(−α1 + α2 + α3) .
Here Υb is defined for b > 0 as
log Υb(x) =
∫ ∞
0
dt
t
[(
Q
2
− x
)2
e−t − sinh
2
[
(Q/2− x) t
2
]
sinh
(
tb
2
)
sinh
(
t
2b
) ] (5.4)
when 0 < Re (x) < Q, and
Υ0 ≡ dΥb(x)
dx
∣∣∣
x=0
. (5.5)
We will list some of the properties of the Υb function as we use them in the following, and
refer to Appendix A of [20] for a detailed review.
We are interested in the semiclassical limit b → 0, where we consider heavy insertions
with real momenta α1 = α2 = αH = ηH/b and α3 = α4 = αL = ηL/b. We also assume
1/4 < ηH < 1/2, such that α1 + α2 > Q/2 satisfies the normalizability condition, and
ηL  1, for which instead α3 + α4 < Q/2. Nevertheless, it is possible to define such
four-point functions starting from (5.2) by analytic continuation in ηL [21]. The key point
in such a continuation concerns poles in the integrand of the P integral. In the original
regime of applicability of (5.2) (1/4 < ηL < 1/2), the function C has poles in the complex
plane that do not lie on the contour of integration, namely the real P axis. As we continue
ηL outside this regime, some of the poles cross the contour of integration. Their residues
contribute discrete terms in the conformal block expansion, corresponding to additional
lighter non-normalizable exchanges. That is, upon analytic continuation we have to evaluate
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schematically
G(x, x¯) =
i
2
∑
crossing
poles
C
(
α1, α2,
Q
2
− iP
)
Res C
(
α3, α4,
Q
2
+ iP
)
F(hi, hP , x)F(hi, hP , x¯)
(5.6)
+
1
2
∫ ∞
−∞
dP
2pi
C
(
α1, α2,
Q
2
− iP
)
C
(
α3, α4,
Q
2
+ iP
)
F(hi, hP , x)F(hi, hP , x¯) .
5.1 Discrete contributions to the block decomposition
In order to understand which additional discrete intermediate states appear in the expansion
of the HHLL correlator, consider the pole structure of
C
(
αL, αL,
Q
2
+ iP
)
∝ Υ0Υ
2
b(2αL)Υb(Q+ 2iP ))
Υb(2αL −Q/2 + iP )Υb(2αL −Q/2− iP )Υ2b(Q/2 + iP )
. (5.7)
Poles in this expression come from simple zeros of the Υb(x). As can be shown using Υb(x)
recursion relations, these occur at x = −mb − n/b and x = (m˜ + 1)b + (n˜ + 1)/b, with
m, m˜, n, n˜ non-negative integers [20, 21]. In particular, poles which can cross the real P
axis upon analytic continuation in ηL originate from zeros of Υb(2αL − Q/2 + iP ) and
Υb(2αL −Q/2− iP ) in the denominator. These are located on the imaginary P -axis at:
± iP = −2αL + Q
2
−mb− n
b
(5.8)
± iP = −2αL + Q
2
+ (m˜+ 1)b+
n˜+ 1
b
. (5.9)
In the semiclassical limit b → 0 we effectively have infinite “towers” of b-spaced poles,
labeled by m and m˜, around
± iP ≈ −2αL − 2n− 1
2b
(5.10)
± iP ≈ −2αL + 2n˜+ 3
2b
(5.11)
for each non-negative integer n and n˜.
As we analytically continue ηL to the regime ηL  1, the n = 0 poles (for all m =
0, . . . ,∞ in the b→ 0 limit) in (5.8) change sign and cross the real P -axis (see Fig. 1), and
therefore one needs to deform the contour of integration in (5.2). Equivalently, the analytic
continuation in ηL adds to the expansion of the four-point function discrete terms given by
the residues of the poles at
iP = ∓
(
2αL − Q
2
+mb
)
, m = 0, . . . ,∞ . (5.12)
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Figure 1: Representation of the poles (5.8) of the DOZZ coefficients in the complex P -
plane. The poles come in towers, represented by the dots inside the dashed ellipses, where
elements are labeled by non-negative integers m and spaced by b. The arrows indicate the
direction of the analytic continuation as one continues αL from αL > Q/4 ≈ 1/4b to the
regime αL < Q/4. In the semiclassical limit b→ 0, only the two towers of poles with n = 0
in (5.8) cross the real P -axis.
Both sets of extra contributions to the block decomposition correspond to internal operators
of weight hPm = αPm(Q−αPm), with αPm ≡ 2αL +mb.5 It follows that in the semiclassical
limit
hPm =
2ηL(1− 2ηL)
b2
+m+ 2ηL(1− 2m) +O(b2) . (5.13)
The first term is O(c) and the second term is O(1), and thus suppressed by 1/c. However,
since we have an infinite number of contributions, we need to take explicitly into account
the effect of order one terms in the conformal weight (5.13) to understand how they affect
the leading semiclassical result. For consistency with the linearized results of the previous
sections and with the order at which the semiclassical HHLL Virasoro conformal blocks
F are known analytically [2], we will neglect terms of O(η2L/b2) and O(ηL), while keeping
O(ηL/b
2) and O(1) in the above formula. The statement that we are keeping order one
terms while neglecting terms ∼ h2L/c thus implies the assumption h2L/c ∼ η2L/b2 . 1.6 In
the following we will thus approximate
hPm ≈
2ηL
b2
+m, (5.14)
and work out the conformal block expansion consistently.
5 Remember exponential operators with Liouville momenta α and Q−α correspond to the same operator
with weight hα.
6This same assumption was also made and discussed in [1] when computing HHLL semiclassical Virasoro
blocks.
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We now evaluate explicitly the contributions of the two sets of poles (5.12), correspond-
ing to the exchange of operators with weight hPm . For the upper choice of sign in (5.12),
Q/2− iP = αPm = 2αL +mb and we have
C
(
αH , αH ,
Q
2
− iP
)
=
[
piµγ(b2)b2−2b
2
]1−m+ 1−2ηH−2ηL
b2
(5.15)
× Υ0Υ
2
b(2αH)Υb(4αL + 2mb)
Υb(2αH + 2αL +mb−Q)Υb(2αH − 2αL −mb)Υ2b(2αL +mb)
,
and
2piiResC
(
αL, αL,
Q
2
+ iP
)
=2pi
[
piµγ(b2)b2−2b
2
]m
bm[1+b
2(1+m)]
(
m∏
j=1
γ(−jb2)
)
× Υ
2
b(2αL)Υb(2Q− 4αL − 2mb)
Υb(4αL +mb−Q)Υ2b(Q− 2αL −mb)
. (5.16)
Here we have used the recursion relation
Υb(x− b) = γ(bx− b2)−1b2bx−1−2b2Υb(x) (5.17)
and the fact that Υb(x) vanishes linearly
Υb(x) ≈ xΥ0 as x→ 0 . (5.18)
The product
∏m
j=1 γ(−jb2) in (5.16) is understood to evaluate to 1 for m = 0.
The poles associated to the lower choice of sign in (5.12) have instead Q/2 − iP =
Q− αPm = Q− 2αL −mb, and it is easy to see that
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb) =
− C(αH , αH , Q− 2αL −mb)Res C(αL, αL, 2αL +mb) , (5.19)
which is equal to minus the contribution of the other set of poles in (5.12). On the other
hand the contours have opposite orientations and therefore they lead to two identical con-
tributions.
The block decomposition in our regime is thus obtained as
G(x, x¯) = i
∞∑
m=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb)F(hi, hPm , x)F(hi, hPm , x¯)
(5.20)
+
1
2
∫ ∞
−∞
dP
2pi
C
(
αH , αH ,
Q
2
− iP
)
C
(
αL, αL,
Q
2
+ iP
)
F(hi, hP , x)F(hi, hP , x¯) ,
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with each discrete term evaluating to
2piiC(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb) =
2pi
[
piµγ(b2)b2−2b
2
]1+ 1−2ηH−2ηL
b2
bm[1+b
2(1+m)]
(
m∏
j=1
γ(−jb2)
)
(5.21)
× Υ0Υ
2
b(2αH)Υ
2
b(2αL)Υb(4αL + 2mb)Υb(2Q− 4αL − 2mb)
Υb(2αH + 2αL +mb−Q)Υb(2αH − 2αL −mb)Υ4b(2αL +mb)Υb(4αL +mb−Q)
,
where we have used the property Υb(Q− x) = Υb(x).
5.2 Sum over the discrete terms
To explicitly compute the contribution of the discrete terms, we evaluate the series over m.
For simplicity, in this section only, we set x = 1 − w and w = e2iφ0 . This is equivalent,
via conformal transformation, to studying the correlator with canonical insertions in the
complex w plane with light operators on the unit circle and heavy operators at the origin
and at infinity. In radial quantization this is directly related to a correlator of two light
insertions at equal time in a heavy state. We generalize the analysis to arbitrary insertion
points in Appendix B, and state the general result at the end of this section.
For the range of conformal weights we are interested in, the semiclassical Virasoro blocks
read [2]
F(hi, hPm , 1− w) = w(α˜−1)hL
(
1− wα˜
α˜
)hPm−2hL
2F1
[
hPm , hPm , 2hPm , 1− wα˜
]
, (5.22)
where we recall that
α˜ = 1− 2ηH +O (1/c) . (5.23)
On the unit circle we therefore have
G(1− w, 1− w¯) ≈i
∞∑
m=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb)
(
2 sin(α˜φ0)
α˜
)2m
× 2F1
[
hPm , hPm , 2hPm , 1− e2iα˜φ0
]
2F1
[
hPm , hPm , 2hPm , 1− e−2iα˜φ0
]
+ integral over the continuous spectrum . (5.24)
Defining z ≡ 1− wα˜ = 1− e2iα˜φ0 , we can rewrite (5.24) as
G(1− w, 1− w¯) ≈ i
∞∑
m=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb)α˜−2m
(
z2
z − 1
)m
× 2F1 [hPm , hPm , 2hPm , z] 2F1
[
hPm , hPm , 2hPm ,
z
z − 1
]
+ continuous spectrum . (5.25)
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The hypergeometric identity
2F1 [hP , hP , 2hP , z] 2F1
[
hP , hP , 2hP ,
z
z − 1
]
= 3F2
(
hP , hP , hP
2hP , hP +
1
2
∣∣∣∣ z24(z−1) ) (5.26)
allows us to write the sum over discrete exchanges as a series in powers of y ≡ z2/(z − 1),
∞∑
m=0
∞∑
n=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb) α˜
−2m2−2nym+n [(hPm)n]
3
n!(2hPm)n(hPm +
1
2
)n
=
∞∑
k=0
α˜−2kyk
k∑
n=0
Ak−n
(
α˜
2
)2n [(hPk−n)n]3
n!(2hPk−n)n(hPk−n +
1
2
)n
=
∞∑
k=0
α˜−2kykβk, (5.27)
where we introduced the notation
Aj ≡ C(αH , αH , 2αL + jb)Res C(αL, αL, Q− 2αL − jb) (5.28)
βk ≡
k∑
n=0
Ak−n
(
α˜
2
)2n [(hPk−n)n]3
n!(2hPk−n)n(hPk−n +
1
2
)n
. (5.29)
Using the relation (5.17) and
Υb(x+ b) = γ(bx)b
1−2bxΥb(x) (5.30)
we can work out a recursion formula for the Aj coefficients
Aj+1
Aj
=γ[−b2(1 + j)]γ[−b2(1 + j) + 2(ηH − ηL)]γ[2 + b2(1− j)− 4ηL]
× γ[1− b2j − 2ηL]4γ[2b2j + 4ηL]γ[−1 + 2b2j + 4ηL]γ[b2(1 + 2j) + 4ηL]
× γ[−1− b2(1− 2j) + 4ηL]γ[b2(1− j) + 2(1− ηH − ηL)] . (5.31)
In the limit b→ 0 and up to terms of O(ηL) and O(η2L/b2) this reduces to
Aj+1
Aj
≈ −(1− 2ηH)
2
16(1 + j)
(
4ηL
b2
− 1 + j
)
. (5.32)
In this limit, this relation implies βk = 0 for all k > 0, with β0 = A0 the only non-vanishing
term. As a consequence, the series sums into
G(1− w, 1− w¯) ≈ iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) + continuous spectrum .
(5.33)
Had we worked at leading order throughout (i.e. at O(c)), and ignored the O(1) shifts in
the infinite tower of poles (see (5.12) and (5.14)), we would have obtained a divergent result
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due to the infinite sum of identical terms. However, the corrections arising from considering
the O(1) shifts in the weight of each term add up to make the leading order result finite.
This resummation is similar to the situation discussed in [25] for four-point functions in
holographic CFTs. We will comment more on this point in the final discussion section.
The generalization of this analysis to arbitrary insertion points is given in Appendix B.
As can be read out from (B.9), it leads to
G(1− w, 1− w¯) ≈ iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) |w|−2
ηL
b2
(
|w|− α˜2 + |w| α˜2
2
)−4 ηL
b2
+ continuous spectrum , (5.34)
or in terms of the original insertion variable x
G(x, x¯) ≈ iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) |1− x|−2
ηL
b2
(
|1− x|− α˜2 + |1− x| α˜2
2
)−4 ηL
b2
+ continuous spectrum . (5.35)
5.3 Semiclassical HHLL correlator
To complete the computation of the discrete contributions to the correlator we need to
evaluate the semiclassical limit of the factor
iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) = (5.36)[
piµγ(b2)b2−2b
2
]1+ 1−2ηH−2ηL
b2 Υ0Υ
2
b(2αH)Υb(4αL)
Υb(2αH + 2αL −Q)Υb(2αH − 2αL)Υ2b(2αL)
.
First we use the recursion relations (5.17) and
Υb
(
x− 1
b
)
= γ
(
x
b
− 1
b2
)−1
b1+
2
b2
− 2x
b Υb(x) (5.37)
to write
iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) =
[
piµγ(b2)
]1+ 1−2ηH−2ηL
b2 b2 (5.38)
× γ
(
2ηH + 2ηL − 1
b2
)
γ
(
2ηH + 2ηL − 1− b2
) Υ0Υ2b(2αH)Υb(4αL)
Υb(2αH + 2αL)Υb(2αH − 2αL)Υ2b(2αL)
.
Then to evaluate the limit of the Υ functions as b→ 0 we use the asymptotic formulae [20]
Υ0 =
υ√
b
e−
1
b2
[ 14 log b−F (0)+O(b4 log b)] (5.39)
Υb
(η
b
)
= e
1
b2
[F (η)−(η−1/2)2 log b+O(b log b)] (5.40)
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for 0 < Re(η) < 1, where
F (η) ≡
∫ η
1/2
log γ(x)dx , (5.41)
and υ is an O(1) constant. To evaluate the γ functions, we use the asymptotic expression
Γ(x) =
{
ex log x−x+O(log x) Re (x) > 0
(eipix − e−ipix)−1ex log(−x)−x+O(log(−x)) Re (x) < 0 for |x| → ∞ , (5.42)
as well as the Γ-function reflection formula. At leading order in the semiclassical limit we
obtain
iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) ∼
exp
[
− 1
b2
(
(2ηH + 2ηL − 1) log λ− 2F (2ηH)− F (4ηL) + F (2ηH + 2ηL) + F (2ηH − 2ηL)
+2F (2ηL)− F (0) + 2(1− 2ηH − 2ηL) [log(1− 2ηH − 2ηL)− 1]
)]
× 1
eipi(2ηH+2ηL−1)/b2 − e−ipi(2ηH+2ηL−1)/b2 . (5.43)
At the order we are working, this is actually completely determined by the semiclassical
limit of the DOZZ coefficient C(αH , αH , 2αL), as Res C(αL, αL, Q− 2αL) only contributes
an O(1) multiplicative factor which we are ignoring.
However we still have to interpret the last factor in (5.43). An important point is that
when Im (2ηH + 2ηL − 1) = 0, as is the case here, this factor has oscillatory behavior and
its semiclassical limit is ill-defined. As discussed in [20], for non-vanishing imaginary part
we could instead write
1
eipi(2ηH+2ηL−1)/b2 − e−ipi(2ηH+2ηL−1)/b2 = ±
∞∑
N=0
e∓2pii(N+1/2)(2ηH+2ηL−1)/b
2
(5.44)
for |eipi(2ηH+2ηL−1)/b2| > 1 or < 1, respectively. This is the statement of [20] that the analytic
continuation of the DOZZ formula to the regime of weights under consideration is given,
depending on the sign of the imaginary part of (2ηH + 2ηL − 1), by two different infinite
sums over complex saddlepoint solutions of the form (2.22) with three operator insertions.
The condition Im (2ηH + 2ηL − 1) = 0 defines a Stokes wall, along which the contributing
saddles change discontinuously. In order to arrive at a well-defined semiclassical result,
when continuing in ηL we therefore need to give a prescription for how we approach the
Stokes wall.
With this in mind, in the following we allow either sign possibility from (5.44) in our
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expression and linearize in ηL all terms in the exponential,
iC(αH , αH , 2αL)Res C(αL, αL, Q− 2αL) ∼
∞∑
N=0
exp
[
− 1
b2
(
∓ 2pii
(
N +
1
2
)
(2ηH + 2ηL − 1) + (2ηH + 2ηL − 1) log λ+ 4ηL log 2
+2 [(1− 2ηH − 2ηL) log(1− 2ηH)− (1− 2ηH)]
)]
. (5.45)
The above result together with (5.35) gives the final expression for the contribution
of the discrete terms entering in the block decomposition of the four-point function. We
therefore have for the HHLL correlator
〈Vα1(1)Vα2(∞)Vα3(0)Vα4(x, x¯)〉 ≈
∞∑
N=0
e−
S˜N (x,x¯)
b2 + continuous spectrum , (5.46)
where
S˜N(x, x¯) =− (1− 2ηH − 2ηL) log λ± 2pii
(
N +
1
2
)
(1− 2ηH − 2ηL)− 2(1− 2ηH)
+ 2(1− 2ηH − 2ηL) log(1− 2ηH) + 4ηH(1− ηH) log |z∞|
+ 4ηL log
(
1 + |1− x|1−2ηH)+ 4ηLηH log |1− x|+ . . . , (5.47)
which exactly matches the form of the saddles we have determined in (4.37). We keep either
the plus sign or the minus sign. This determines which half of the saddles in (4.37) should
be summed over.
The analysis of the conformal block decomposition has therefore allowed us to determine
which of the saddles we computed with different methods in the previous sections contribute
to the correlator. Notice that here the multiple contributions labeled by N arise from
analytic properties of the DOZZ coefficients when continued away from the normalizable
regime, while in the previous sections they arose from the symmetry properties of the
Liouville equation. Comparison with the path integral results of those previous sections
suggests that the sum over lighter discrete exchanges is the dominant contribution in the
linearized HHLL correlator (5.46), and that the continuous spectrum only contributes at
higher orders. However we have not explicitly evaluated the integral over the continuum of
normalizable states. We thus cannot completely rule out the existence of other contributions
to the linearized HHLL correlator, which, if present, in the path integral approach could
correspond to additional complex saddles with a different structure than those derived in
Sec. 3 and 4. In particular, as the integral over the continuum of normalizable states can
produce short distance singularities at x ∼ 0, 1,∞, as reviewed in [20], we cannot exclude
the presence of singularities that were not captured by the saddle points we considered in
our linearized path integral approach. In general we also expect short-distance singularities
to appear at higher orders in the conformal weight of the perturbatively heavy operators.
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6 Discussion
We conclude this paper with three observations. First, in Sec. 6.1, we will suggest a way
of treating perturbatively heavy operators as probes, in the same sense as conventional
Liouville light operators. This suggests an alternative way of approaching the computations
in this paper. Second, in Sec. 6.2, we will draw a connection between our results and
the structure of correlators in theories that have holographic duals [25]. The connection
is surprising given that Liouville theory is not known to enjoy a conventional holographic
duality. Third, in Sec. 6.3, we will remark on the possibility of interpreting HHLL correlators
as computing the entanglement entropy in excited states of Liouville theory.
6.1 Light operator insertions in a semiclassical background
As reviewed around (2.13) correlators involving heavy and “Liouville light” operators are
computed by treating the latter in a probe approximation [21]
〈V η1
b
(z1, z¯1) . . . V ηj
b
(zj, z¯j)Vα1(w1, w¯1) . . . Vαn(wn, w¯n)〉 ≈ e−
c
6
S˜[φc]
n∏
i=1
e
αi
b
φc(wi,w¯i) , (6.1)
where the Liouville field φc solves the Liouville equation in presence of the heavy insertions
with momenta ηk/b, and αi are the momenta of the light operators. The right hand side
of (6.1) is understood to imply an integral over the moduli of φc, which leave the action
invariant, as well as a sum over different contributing saddles.
Let us assume that the probe approximation extends to our correlator, which involves
perturbatively heavy operators with αL = ηL/b and ηL  1 fixed as b → 0. The complex
HH background Liouville solutions φc are related to each other by 2piiN shifts and are given
in (2.17). Each of these complex solutions has a modulus κ taking values in the upper half
plane with the real axis removed, which we here denote as H. In the probe approximation,
we therefore evaluate
〈V ηH
b
(z1, z¯1)V ηH
b
(z2, z¯2)V ηL
b
(z3, z¯3)V ηL
b
(z4, z¯4)〉 ≈ (6.2)
≈
∑
N∈T
e
− 1
b2
(
S˜
(0)
N −4piiNηL
) ∫
H
e
ηL
b2
φc(z3,z¯3)e
ηL
b2
φc(z4,z¯4)dκ ∧ dκ¯
≈
∑
N∈T
e
− 1
b2
(
S˜
(0)
N −4piiNηL+2ηL log λ
) ∫
H
κ
4ηL
b2 dκ ∧ dκ¯
[(ζ3κ2 − χ3) (ζ4κ2 − χ4)]
2ηL
b2
,
where T denotes the set of contributing saddles, S˜(0)N is the HH on-shell action given in
(3.11) and we have introduced the notation
ζi ≡ |z1i|2ηH |z2i|2−2ηH , χi ≡ |z1i|
2−2ηH |z2i|2ηH
|z12|2 (1− 2ηH)2
. (6.3)
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Using Stokes’ theorem, the integral over the upper half plane can be reduced to a line
integral over R+ i
〈V ηH
b
(z1, z¯1)V ηH
b
(z2, z¯2)V ηL
b
(z3, z¯3)V ηL
b
(z4, z¯4)〉 ≈ (6.4)
≈
∑
N∈T
e
− 1
b2
(
S˜
(0)
N −4piiNηL+2ηL log λ
) ∫ ∞
−∞
(q − i) (q + i) 4ηLb2 dq[(
ζ3 (q + i)
2 − χ3
) (
ζ4 (q + i)
2 − χ4
)] 2ηL
b2
.
We can give an estimate of this integral in the limit b→ 0 by considering its saddlepoints.
At leading order in b→ 0, the saddles are the four roots of
(q + i)4 =
χ3χ4
ζ3ζ4
. (6.5)
While it would be interesting to study systematically which saddlepoints contribute, here
we simply notice that if we assume that only the two saddles
q + i = ±i
[
χ3χ4
ζ3ζ4
] 1
4
(6.6)
(for which the integral evaluates to the same function) can contribute, we then find
〈V ηH
b
(1)V ηH
b
(∞)V ηL
b
(0)V ηL
b
(x, x¯)〉 (6.7)
≈
∑
N∈T
e−
1
b2
S˜
(0)
N e−
2ηL
b2
(−2pii(N+ 12 )+log λ−2 log(1−2ηH)+2 log(1+|1−x|1−2ηH )+2ηH log |1−x|)
for canonical insertion points z1 = 1, z2 =∞, z3 = 0, z4 = x.
This is the same result we have found before. At least in principle, through a careful
steepest descent analysis on the full moduli space H × Z, it should be possible to also
determine the set of contributing saddles T and to verify that this is in agreement with the
result of Sec. 5.
6.2 Lorentzian singularity
In [25] it was conjectured that any CFT with a large-N expansion and a large gap in the
spectrum of low-dimension operators has a local bulk dual. The original analysis of [25]
considers a low-dimensional spectrum of operators that, to leading non-trivial order in a
1/N expansion, have a closed algebra among themselves. These are the identity, a unique
single-trace operator O of conformal dimension ∆ (assumed to be O(1) in the large N limit)
and double-trace operators
Om,l ≡ O
↔
∂µ1 . . .
↔
∂µ`
(↔
∂ν
↔
∂ν
)m
O − traces , (6.8)
with spin ` and conformal dimension ∆m,` = 2∆+2m+`+O(1/N
2). Imposing Z2 symmetry
also guarantees that O does not itself appear in the OO OPE. Under these assumptions,
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in a 1/N expansion the four-point function of operators O contains a singularity after
continuation to Lorentzian signature that is not present in single conformal blocks, but
arises from resummation of double-trace exchanges [25]. This singularity was associated to
a notion of bulk locality, since it occurs when the operators on the boundary are aligned to
give rise to a local scattering process in a dual AdS bulk [24,25].
Even though there are important differences in the structure of the correlator we are
studying,7 the conformal block analysis we presented in Sec. 5 has similarities to the one
of [25]. In fact, we can see that the conformal weights hPm of the discrete contributions
appearing in the decomposition of the Liouville HHLL correlator, given in formula (5.14),
coincide with those of spinless “double-trace” operators in (6.8). Specifically, taking VαP0 =
e
ηL
b2
φc and using the Liouville equation (2.6), the combination
VαP0
(↔
∂ z
↔
∂ z¯
)m
VαP0 (6.9)
can be identified to leading order in b→ 0 with VαPm of momentum αPm = 2αL +mb.
Intriguingly, we find that these contributions resum to a leading semiclassical result that
contains a peculiar Lorentzian singularity, as in [25]. Specifically, transforming the result
in Sec. 5.3 to the cylinder, x = 1− eτ+iθ, and Wick rotating to Lorentzian time we have
〈V ηH
b
(−∞)V ηL
b
(0, 0)V ηL
b
(t, θ)V ηH
b
(∞)〉cyl ∼ cos
(
α˜t
2
)− 4ηL
b2
. (6.10)
The correlator exhibits a singularity at t = pi/α˜. In a hypothetical bulk dual, one would
expect the heavy operators to create a conical defect spacetime with opening angle 2piα˜,
and t = pi/α˜ is precisely the time it would take a massless excitation to reach the defect
and return to the boundary.
The result summarized in (5.35), which eventually led to (6.10), was extracted by eval-
uating the integral representation of a specific hypergeometric function in the saddle point
approximation (see Appendix B). In particular, out of two possible saddles, only one con-
tributed in the Euclidean regime. However, when continuing to Lorentzian time and follow-
ing the evolution of the HHLL correlator, one can check that a transition between saddles
takes place at t = pi/α˜, similarly to what was observed in [24, 25]. Interestingly, the func-
tional dependence of the HHLL correlator past the singularity can be obtained from the
analysis of Sec. 4 in terms of the accessory parameter that would correspond to solutions
with SU(1, 1) monodromy. At the level of the Euclidean analysis, such a choice was not
justified by any reality or single-valuedness requirement. It would be interesting to un-
derstand how the continuation to Lorentzian signature and the associated appearance of
singularities that are absent in the Euclidean HHLL correlator are reflected in and modify
the monodromy method of Sec. 5.
7In particular, we are considering a four-point function of two pairs of operators of conformal dimension
O(c) instead of a four-point function of identical operators of conformal dimension O(1). Importantly the
identity exchange does not contribute in our expansion, and the lowest states exchanged are those with
conformal weights (5.14).
30
6.3 Entanglement entropy in heavy excited states
In conformal field theory at large c, results for Euclidean correlation functions involving
perturbatively heavy operators have been used to evaluate correlators of Re´nyi replica
twists, which compute entanglement entropy and other entanglement related measures (see
e.g. [3, 4, 33]).
In particular, HHLL correlators in holographic CFTs have been directly related to single
interval entanglement entropy in excited eigenstates and have been evaluated under the
assumption that the correlator, and thus the entanglement entropy, are dominated by the
semiclassical Virasoro vacuum block [4]. The insertions of heavy primaries are interpreted as
preparing the system in an excited eigenstate of the Hamiltonian and light (perturbatively
heavy) insertions are identified with replica twists in the limit in which they compute the
entanglement entropy.8
In Liouville theory, there are subtle issues regarding the normalizability of states, and,
as we showed, there is no identity contribution to the HHLL 4-point. Thus it is not
completely clear whether HHLL correlators can be repurposed to compute entanglement
entropies. Intriguingly, if such an interpretation were possible, our path integral analysis
would predict that the single interval entanglement entropy for a Liouville excited state
does not depend on the size of the interval. This also happens in quantum field theories
with a mass gap, for interval sizes larger than the correlation length (see e.g. [34]).
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, and in the
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A Computation of the monodromy matrices
In this section we collect the details of the computation of the monodromy of the solutions
(4.13)-(4.14)
ψ1(z) = (1− z) 1+α˜2 + ηL
[
(1− z) 1+α˜2
(
cx
ηL
(1− x) + 1
)
log z
z−x +
(x−2)z+x
z(z−x)
α˜
(A.1)
+(1− z) 1−α˜2
∫
dz
(1− z)α˜
(
cx(x−1)xz(x−z)
ηL
− x2(z + 1) + 2xz(z + 1)− 2z2
)
z2α˜(x− z)2
]
ψ2(z) = (1− z) 1−α˜2 − ηL
[
(1− z) 1−α˜2
(
cx
ηL
(1− x) + 1
)
log z
z−x +
(x−2)z+x
z(z−x)
α˜
(A.2)
+(1− z) 1+α˜2
∫
dz
(1− z)−α˜
(
cx(x−1)xz(x−z)
ηL
− x2(z + 1) + 2xz(z + 1)− 2z2
)
z2α˜(x− z)2
]
.
To evaluate the monodromy around z = 0, as in Appendix D of [1], we just notice that in
the first line of (A.1) and of (A.2) the only non-trivial contribution comes from log z →
log z + 2pii. The monodromy of the expression in the second line of (A.1) and of (A.2) is
evaluated through the residues of the integral. For the monodromy around z = 0 we have
ψ1 → ψ1 + 2pii
α˜
ηL
[
(1− z) 1+α˜2
(
cx
ηL
(1− x) + 1
)
+ (1− z) 1−α˜2
(
− cx
ηL
(1− x)− 1 + α˜
)]
(A.3)
ψ2 → ψ2 − 2pii
α˜
ηL
[
(1− z) 1−α˜2
(
cx
ηL
(1− x) + 1
)
+ (1− z) 1+α˜2
(
− cx
ηL
(1− x)− 1− α˜
)]
(A.4)
At linear order in ηL, the monodromy matrix is
Mγ0 = 1+
2pii
α˜
(
cx(1− x) + ηL −cx(1− x)− ηL(1− α˜)
cx(1− x) + ηL(1 + α˜) −cx(1− x)− ηL
)
. (A.5)
The monodromy around z = x is computed analogously and the linearized monodromy
matrix is given by
Mγx = 1+
2pii
α˜
( −cx(1− x)− ηL (1− x)α˜ (cx(1− x) + ηL(1 + α˜))
(1− x)−α˜ (−cx(1− x)− ηL(1− α˜)) cx(1− x) + ηL
)
.
(A.6)
To compute the monodromy around z = 1 in the complex plane, notice that the expressions
in the first line of (A.1) and (A.2) simply pick up a phase e(1+α˜)pii and e(1−α˜)pii respectively.
To determine the monodromy of the expression in the second line (A.1) and (A.2), it is more
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convenient to explicitly perform the integrals and express them in terms of hypergeometric
functions. The contribution entering in ψ1 can be written as∫
dz
(1− z)α˜
(
cx(x−1)xz(x−z)
ηL
− x2(z + 1) + 2xz(z + 1)− 2z2
)
z2α˜(x− z)2 =
(1− z)1+α˜
α˜z
+
(1− z)1+α˜2F1[2, 1 + α˜, 2 + α˜, 1−z1−x ]
α˜(1 + α˜)(1− x) +
(1− z)1+α˜( cx
ηL
(1− x) + 1)2F1[1, 1, 1− α˜, 1−xz−x ]
α˜2(x− z)
− (−z)
α˜( cx
ηL
(1− x) + 1− α˜)2F1[−α˜,−α˜, 1− α˜, 1z ]
α˜2
. (A.7)
The monodromy of the the first two terms is completely determined by the factor (1−z)1+α˜,
as there is no branch cut crossing in the hypergeometric function. For the other two terms,
the monodromy is determined by the properties of the hypergeometric functions. In order
to extract their monodromy we just notice that
2F1
[
1, 1, 1− α˜, 1− x
z − x
]
= 2F1
[
1, 1, 1− α˜, 1− z − 1
z − x
]
, (A.8)
2F1
[
1, 1, 1− α˜, 1
z
]
= 2F1
[
1, 1, 1− α˜, 1− z − 1
z
]
, (A.9)
and use the identity
2F1[a, b, c, 1− q] = Γ[c]Γ[c− a− b]
Γ[c− a]Γ[c− b]2F1[a, b, a+ b− c+ 1, q] (A.10)
+qc−a−b
Γ[c]Γ[a+ b− c]
Γ[a]Γ[b]
2F1[c− a, c− b, c− a− b+ 1, q]
to isolate, in the prefactors of the form qc−a−b, all the contributions with a non-trivial
monodromy as z is taken in a loop around z = 1 (which corresponds to taking q around 0).
This gives
2F1
[
1, 1, 1− α˜, 1− x
z − x
]
=
α˜
1 + α˜
2F1
[
1, 1, 2 + α˜,
1− z
x− z
]
+
piα˜
sin piα˜
z − x
1− x
(
1− x
z − 1
)1+α˜
(A.11)
2F1
[
1, 1, 1− α˜, 1
z
]
=
α˜
1 + α˜
2F1
[
1, 1, 2 + α˜,
z − 1
z
]
+
piα˜
sinpiα˜
z
(
1
z − 1
)1+α˜
(A.12)
so that the integral in (A.7) reduces to
(1− z)1+α˜
α˜
{
1
z
+
2F1[2, 1 + α˜, 2 + α˜,
1−z
1−x ]
(1 + α˜)(1− x) +
cx
ηL
(1− x) + 1
(1 + α˜)(x− z)2F1
[
1, 1, 2 + α˜,
1− z
x− z
]
+
cx
ηL
(1− x) + 1− α˜
(1 + α˜)z
2F1
[
1, 1, 2 + α˜,
z − 1
z
]}
− pie
α˜pii
α˜ sin piα˜
[(
cx
ηL
(1− x) + 1
)(
1− (1− x)α˜)− α˜] . (A.13)
33
Using this expression we can schematically rewrite ψ1(z) by isolating those terms that have
non-trivial mondromy
ψ1(z) = (1− z) 1+α˜2 + ηL(1− z) 1+α˜2 mon11 + L(1− z) 1−α˜2 mon12 (A.14)
where
mon11 =
(
cx
ηL
(1− x) + 1
)
log z
z−x +
(x−2)z+x
z(z−x)
α˜
+
(1− z)
α˜
[
1
z
+
2F1[2, 1 + α˜, 2 + α˜,
1−z
1−x ]
(1 + α˜)(1− x)
+
cx
ηL
(1− x) + 1
(1 + α˜)(x− z)2F1
[
1, 1, 2 + α˜,
1− z
x− z
]
+
cx
ηL
(1− x) + 1− α˜
(1 + α˜)z
2F1
[
1, 1, 2 + α˜,
z − 1
z
]]
mon12 = − pie
α˜pii
α˜ sin piα˜
[(
cx
ηL
(1− x) + 1
)(
1− (1− x)α˜)− α˜] . (A.15)
By noticing that ψ2(z)[α˜] = ψ1(z)[−α˜] and again writing schematically
ψ2(z) = (1− z) 1−α˜2 + ηL(1− z) 1−α˜2 mon22 + L(1− z) 1+α˜2 mon21 (A.16)
with mon22[α˜] = mon11[−α˜] and mon21[α˜] = mon12[−α˜], it is now straightforward to write
the monodromy transformation of {ψ1, ψ2}
ψ1 → epii(1+α)ψ1 +
(
epii(1−α) − epii(1+α)) (1− z) 1−α˜2 mon12 (A.17)
ψ2 → epii(1−α)ψ2 +
(
epii(1+α) − epii(1−α)) (1− z) 1+α˜2 mon21 , (A.18)
from which we immediately read out the corresponding monodromy matrix at linear order
in ηL
Mγ1 = −
(
eα˜pii 0
0 e−α˜pii
)
+ (A.19)
2pii
α˜
(
0 eα˜pii
[− (cx(1− x) + ηL) (1− (1− x)α˜)+ ηLα˜]
e−α˜pii
[
(cx(1− x) + ηL)
(
1− (1− x)−α˜)+ ηLα˜] 0
)
.
B Sum over discrete exchanges for arbitrary insertions
In this section we generalize to arbitrary insertions the result of Sec. 5.2 for the sum over
discrete terms entering the block decomposition of the four-point function.
We start from an expression for G(1−w, 1− w¯) analogous to (5.24), but with w repre-
senting an arbitrary insertion point instead of lying on the unit circle:
G ≈ i
∞∑
m=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb) |w|2(α˜−1)hL
∣∣1− wα˜∣∣2m α˜−2m
× F [hPm , hPm , 2hPm , 1− wα˜]F [hPm , hPm , 2hPm , 1− w¯α˜]+ continuous spectrum .
(B.1)
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Following [35] and introducing the notation u ≡ ∣∣1− wα˜∣∣2 , v ≡ |w|2α˜, we can write the
product of hypergeometrics as
F (hPm , hPm , 2hPm , 1−wα˜)F (hPm , hPm , 2hPm , 1−w¯α˜) =
∞∑
r,s=0
(hPm)
2
r(hPm)
2
r+s
r!s!(2hPm)r(2hPm)2r+s
ur(1−v)s.
(B.2)
Focusing on the sum over discrete terms (and temporarily discarding the overall factor
i |w|2(α˜−1)hL)
∞∑
m,r,s=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb)u
m+r(1− v)sα˜−2m(hPm)2r(hPm)2r+s
r!s!(2hPm)r(2hPm)2r+s
=
∞∑
s,k=0
ukα˜−2k
(1− v)s
s!
k∑
r=0
Ak−r
α˜2r(hPk−r)
2
r(hPk−r)
2
r+s
r!(2hPk−r)r(2hPk−r)2r+s
=
∞∑
s,k=0
ukα˜−2k
(hPk)
2
s
(2hPk)s
(1− v)s
s!
k∑
r=0
Ak−r
(
α˜
2
)2r (hPk−r)3r
r!(2hPk−r)r
(
hPk−r +
1
2
)
r
(B.3)
=
∞∑
k=0
ukα˜−2k2F1[hPk , hPk , 2hPk , 1− v]
k∑
r=0
Ak−r
(
α˜
2
)2r (hPk−r)3r
r!(2hPk−r)r
(
hPk−r +
1
2
)
r
where Aj ≡ C(αH , αH , 2αL + jb) Res C(αL, αL, Q − 2αL − jb) as in (5.28) in the main
text. In going from the second to the third line we used the definition of the Pochhammer
symbol in terms of Γ−functions and their identities. The internal finite sum over r is the
coefficient βk we defined in (5.29). These are all vanishing except for k = 0 and therefore,
remembering hPm ≈ 2hL +m ≈ 2ηLb2 +m,
∞∑
m,r,s=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb)u
m+r(1− v)sα˜−2m(hPm)2r(hPm)2r+s
r!s!(2hPm)r(2hPm)2r+s
= A0 2F1[2hL, 2hL, 4hL, 1− v] . (B.4)
As a last step, we would like to take the semiclassical limit of this hypergeometric. For that
we use the integral representation of the hypergeometric function
2F1[2hL, 2hL, 4hL, 1− v] = Γ(4hL)
Γ(2hL)2
∫ ∞
1
ds s−2hL (s− 1)2hL−1 (s− 1 + v)−2hL . (B.5)
As b→ 0, the asymptotic expression for the gamma functions gives
Γ(4hL)
Γ(2hL)2
≈ e4hL ln 2 . (B.6)
The integral over s can be evaluated in a saddlepoint approximation, but there is a branch
cut between v = 0 and v = −∞, which becomes relevant when analytically continuing from
Euclidean to Lorentzian time.
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There are in fact two real saddles at s± = 1±
√
v. In the Euclidean regime, v > 0 and
we take the s+ saddle
∞∫
1
ds s−2hL (s− 1)2hL−1 (s− 1 + v)−2hL ≈ e−2hL log(1+
√
v)2 (B.7)
giving
2F1[2hL, 2hL, 4hL, 1− v] ≈ e−4hL log
1+|w|α˜
2 . (B.8)
Using this result and reinstating the factor i |w|2(α˜−1)hL we had temporarily dropped, we
obtain
i
∞∑
m=0
C(αH , αH , 2αL +mb)Res C(αL, αL, Q− 2αL −mb) |w|2(α˜−1)hL
∣∣1− wα˜∣∣2m α˜−2m
× F [hPm , hPm , 2hPm , 1− wα˜]F [hPm , hPm , 2hPm , 1− w¯α˜] ≈ iA0 |w|−2hL
(
|w|− α˜2 + |w| α˜2
2
)−4hL
.
(B.9)
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